This paper presents a computational study of the three-dimensional computer simulation of grain coarsening using a sintering model based on sintering law (a rate law of inter-grain distance reduction) describing the evolution of neck geometry.
Introduction
Coarsening and grain growth accompany skeletal structure evolution during sintering of powder compacts [1, 2] . In general, the sintering process is driven by a decrease in the overall potential energy via reduction of the solid-vapor interfacial energy balanced with the growth of solid-solid interfaces within the sintered part. The growth of a neck between touching solid grains can occur via surface, grain boundary and volume diffusion or vapor transport via evaporation and condensation. Based on these diffusion mechanisms, a number of sintering models describing the evolution of neck geometry between two grains or an array of connecting grains (skeletal structure) have been developed [3] [4] [5] [6] . Such sintering models introduce an assumption that the driving force can be principally modeled on the basis of the local grain and neck curvature. For traditional two-and three-grain models good agreement between predicted evolution of neck geometry and neck growth experiments was obtained, but extension from simple models to multi-grain models for densification of a powder compact was usually failed due to unaccounted geometric changes and topological constrains [7] , such as local grain rearrangements connected with formation of new contacts between grains involved into the same or different solid skeletons [8] .
Detailed knowledge for elementary diffusion mechanisms during sintering, advanced computational algorithms, mathematical methods and computation tools (e.g. Surface Evolver [9] ), as well as availability of fast computers allow the usage of large multi-grain models of arbitrary (regular or irregular) shapes for detailed three-dimensional (3-D) computer simulation of some diffusion phenomena during sintering. This paper presents a computational study of the three-dimensional computer simulation of grain coarsening using a sintering model which is expected to be very close to the physical sintering phenomena and sintering law describing the evolution of neck geometry. Special attention will be paid to the skeleton structure evolution of multi-grain model during sintering.
Model topology
For simulation of solid state sintering it is convenient to use multi-grain models of regular shape because they need to store only the position, orientation and size of each grain. Thus, we will use a microstructure consisting of N spherical grains, which will be represented by a finite dimensional vector and by 3-D domains of regular shape, i.e. ) , (
is the center of the mass of l -th spherical grain of radius l R in space. The geometry and topological aspects of multi-grain model can be most easily described by the skeleton network in which grain centers are identified by vertices and a link (center-to-center distance) joins a pair of vertices between their centers in 3-D [10] . The network corresponding to a model of connected grains is thus made up of a unique, interconnected set of closed polygons.
Neck growth
Generally speaking, modeling of sintering of two unequal-sized grains is difficult for several reasons. The grain boundary between such grains is not planar and tends to migrate due to grain boundary diffusion and deposition/removal of material at the grain boundary. Without precise knowledge of the grain boundary mobility it is difficult to predict this grain boundary migration [11] . Therefore, in order to avoid arbitrary assumptions, our model does not contain grain boundary diffusion. The role of the grain-boundary consists solely in defining a dihedral angle at the grain boundary-surface intersection. The basic sintering kinetics will be obtained using idealized two-grain sintering model (Fig. 1a) , 
Skeleton structure
The microstructure is characterized by two bonds that form during sintering: bonds that form early during sintering (primary bonds) and bonds that form as densification induced new contacts (secondary bonds). Skeletal structure evolution will be simulated by an algorithm based on grain-level methodology, which will be applied for selected grain
(a) (b) (Fig. 2a) , where grain labeled by zero level can be selected at random. Note that in such system characterized by relatively high packing density, extensive grain rearrangement is not possible. After computation of new center-to-center distances due to the neck growth between zero-level grain and its first neighbors (level 1), all vertices l C of remaining grains (higher levels neighbors) must be adjusted. This procedure will be repeated for all grains. Fig. 2b shows a typical 3-D computed microstructure obtained after several time steps. Due to the neck growth, densification manifested by decrease in center-to-center distances as well as by relatively small grain rearrangement occurs.
Equilibrium dihedral angle
Initial model will be based on assumption that solid-phase domains make point contacts with each other (touching domains) followed by neck formation (Fig. 3) , where the time-dependent neck radius, a, is defined by equation (3). These two solid grains in contact form a three-dimensional dihedral angle
where the dihedral angles 1 ψ and 2 ψ are determined as
The neck will grow during sintering, and the contact angle ψ between the two adjacent surfaces of the two grains increases from zero till a constant value of eq ψ for which the system reaches an equilibrium configuration, where eq ψ is the equilibrium dihedral angle.
If the dihedral angles at the triple points are positive, grain boundaries that appear between the grains and an aggregate of two or more grains will be established. Each pair of contacting grains is inseparable throughout the sintering due to mutual attraction. This creates formation of rigid skeleton and will hinder with densification. Further neck growth will be governed by equation (3) .
Early in sintering, two grains just come into contact (with the zero neck size) owing to potential gradient between the grain surfaces and the contact point. As time proceeds, the neck size between two grains increases and they become bowl-like spherical caps (Fig. 3) , where the dihedral angle grows simultaneously with neck growth up to the equilibrium dihedral angle. The dihedral angle initially increases quickly during sintering, especially for the system characterized by larger equilibrium dihedral angle. After such initial sharp increase, the dihedral angle slowly increases continued neck growth up to the equilibrium dihedral angle. In this approach it will be assumed that the equilibrium size of the contact between grains will be determined by equilibrium dihedral angle eq ψ . Thus, the equilibrium dihedral angle dictates the final neck size and the neck growth process. Once formed, grain contacts grow to satisfy the angle eq ψ , i.e.
where ki ψ is the dihedral angle between k-th and i-th grains. Neck growth will be ended when the equilibrium dihedral angles are established. Beyond that point neck growth is paced by the rate of grain growth. Due to formation of rigid skeleton neck growth at some spots may be restricted by bonds between solid grains. Hence, when a contact between two grains stops growing, the dihedral angle also stops growing, even though its equilibrium value is not attained. In our computation a dihedral angle model based totally on the geometry of the spherical solid grains will be applied. It should be noted that the unequal grain sizes have no effect on the expected dihedral angles, at least when the grains are spherical. Although this model neglects the negative curvature of the surface located in the neck region during neck growth analytically described by Bross and Exner [12] it does produce the exact equilibrium configuration when eq ψ ψ = .
Topological constraint
The strength during sintering is determined by the competition among inter-grain neck growth, densification, microstructure coarsening, and topological constraints. Therefore, topological constraints must be involved in simulation and developing the time dependent skeleton structure evolution. Some types of topological constraints that depend on skeleton structure are explained in details in [13] . Only the major points of solid skeleton transformation induced by topological constraints will be discussed here.
Namely, due to the sintering law initially connected skeleton network (Fig. 4a ) at some vertices cannot remain topologically connected under sintering transformation (3) and will possess closure errors (Figs. 4b and 4d) . The elastic distortion generated in the grain network due to topological constraint can be evaluated by introduction the fundamental assumption that the multi-grain system remains in quasi-static equilibrium. Disconnected network (current inter-grain distances ) , ( 
where
Two parameters α and β will be computed for the grain 3 G (Fig. 4e) taking into account fixed vertices that must be simultaneously solved with equation (7). After reconstruction, previously disconnected network (link-vertex data) will be updated (Fig. 4c) , C C = It should be noted that the most complex problem for each time step during computer simulation of skeletel structure evolution is the determination of the neck growth connected to the topological constraints [13] .
Grain growth
Assume that sintering occurs between two grains with conservation of volume by a single mass transport mechanism. As a matter of fact, sintering will be modeled as a successive overlapping of spherical grains. In order to preserve mass both grains will be allowed to continuously grow due to the neck growth between them. This process will be accomplished by determining and redistributing the (increasing) amount of overlapping volume on the free grain surface area. Fig. 5 shows the phenomenon of undercutting, where it means that the neck profile intersects the profile of the spherical grains. This approach allows a very realistic modeling of the complete 3-D aggregate morphology.
Thus any change in the neck size must have a corresponding functional relation to the volume of material deposited at the neck. In that sense, we will define new methodology for materials redistribution due to the neck growth. Similar methodology was defined by Shaw [14] for the calculation of liquid redistribution during liquid phase sintering.
Due to the neck growth the centers of contacting grains approach each other. The matter which flows out the grain boundary during neck growth must be distributed over the surface. Therefore, to conserve the volume of two-grain model it will be assumed that the material removed from the contacts between two grains of radii 1 R and 2 R (Fig. 5a ) will be evenly distributed over the remainder of the surface of the grains so as to produce two-grain model with new radii New R 1 and New R 2 obtained by numerical calculation of the effective volume of each grain (increased volume overlap will be calculated by comparing the stored initial grain volume with the numerically calculated actual volume). It will be determined from purely geometrical considerations of pairs of successively overlapping grains of arbitrary sizes and the constituting equations for distance reduction. Assuming that the grain boundary is flat, new radii can be found as a first approximation by solving the equations
and ε is small enough positive number. Thus, as matter is removed from the grain boundary, the values of neck radius a and radii 1 R and 2 R increase. Similar approach will be applied for multi-grain model in which k-th grain has more than one ( k n ) contacts with its first neighbours (Fig. 5b) . The value of its new radius will be computed by solving modified equation (8), i.e.
A prerequisite for application of the present algorithm is the availability of a sintering law )
given in terms of a rate at which grains approach towards each other, i.e., as a rate of reduction of the pair-wise distance D between grains (Fig. 1) . Thus, the simulation method will be based on the concept that sintering law ) ( ki D f and the transformation (3) can be applied to each pair of contacting grains within the multi-grain model. The current state will be defined by the topology of the skeletal structure, which includes the positions and the sizes of grains and connectivity of all grains with the locations and the sizes of grain boundaries.
Energy reduction
The densification process of multi-grain model is accompanied by a decrease of the surface area and the formation of interfaces, so that the surface tension is the driving force for densification and the interface is the resistance to densification. Thus, the whole driving force is now
where i γ is the interface tension and i A is the interfacial area. Let we assume that two spherical grains of radii 1 R and 2 R have solid-to-solid contact characterized by the neck radius a and the grain boundary area 2 gb a A π = (Fig. 3) .
The surface area of k-th grain is ) 2 , 1 ( 4
is area of spherical cup (Fig. 5a ), thus the surface area of two-grain model will be now 
where s γ and gb γ are the surface and grain boundary energies. At the neck tip local equilibrium of the surface tension forces requires that the dihedral angle is maintained. Thus, the dihedral angle (4) is determined by the equilibrium between surface energy and grain boundary energy, i.e. ) cos (cos 
as it shown in Fig. 3 . The normalized reduction of energy can be now defined as For computation of the energy reduction of multi-grain model previous equations for surface and grain boundary areas should be extended. If we assume that k-th grain of radius k R has k n solid-to-solid contacts with its first neighbors, as it shown in Fig. 5b , then its grain boundary area will be defined as ) ( The surface area of k-the grain will be
Total grain boundary and surface areas for multi-grain model of N spherical grains will be now calculated as Note that in this computation s γ and gb γ will be related to the equilibrium dihedral angle (6).
Results and discussion
In this section some characteristic simple models as well as planar multi-grain model structures will be presented. They appear to be very helpful in understanding structure transformation during sintering. Simulation of grain coarsening will be realized through four steps simulation algorithm:
• shrink grain connections (neck growth) along skeletal structure;
• calculate overlapping volume for each zero-level grain;
• calculate free surface area for each zero-level grain;
• increase radius of zero-level grain as to preserve volume.
In this section the sintering behavior of some regular structures will be considered. For simulation we will assume that the neck growth between a single-phase solid grains results in a relative neck size to grain size of about 0.4 after 1 h at sintering temperature, similar to calculated value from conventional sintering models. Initial skeleton structure was perturbed slightly by choosing a small contact area defined by the ratio
is the initial average diameteral area for the contact k-i. Brakke's Surface Evolver program [9] will be used as a tool for 3-D visualization and for calculation the equilibrium configuration of solid-phase domains during sintering, where both the surface of grains and the grain boundaries are represented by a set of triangular finite elements, or facets. The initial surface will be defined as a regular or inregular polyhedron.
The surface bounds one grain, and the grain is constrained to have volume )
Since the surface has energy proportional to its area, the program evolves the surface toward minimal energy by a gradient descent method under any constraint. For the sake of simplicity, the equilibrium configuration of grains will be calculated under fixed-volume constraint, assuming isotropic surface and grain boundary energies. 
Two-grain model
Fig . 6 depicts the sintering kinetics of grain doublets of initially different size, in which the volumes of grains are fixed, and the evolution of surface area together with some illustrations of the sintering grain doublets. As expected, grains approach each other, whereas the surface area clearly evolves according to the prescribed sintering law. It can be therefore concluded that equations (3) and (8) describe the pair-wise sintering sufficiently correct. Furthermore, from the microstructures of the grain doublets one can see that both grains are almost coalesced when sintering time reaches 140 min (Fig. 6c) . The images clearly show the rapid densification of the structure upon sintering. In Fig. 7 the time-dependent energy of twograin model is normalized to the energy of two separated spherical grains of different sizes defined by equation (12) . It can be seen that the energy slowly decreases as the neck between grains grows during initial stage of sintering. This total energy decreasing followed by grain shape evolution continues during next stages of sintering. Microstructural evolution will be finished by process known as spheroidization in which two grains will be transformed into large spherical domain. 
Three-grain model
The elementary sintering process including investigation of the effect of grain rearrangement on grain coarsening and grain growth will be also analyzed by using simple three-grain model shown in Fig. 8 . Initially, the topology of the model geometry is represented by three separated spherical grains of different sizes connected by initial point solid-to-solid contacts and a hole between the grains (Fig. 8a) 
. During initial stage of sintering the growth of the sinter bonds from point contacts occur independent of one another since the necks are sufficiently small (Fig. 9) . Due to the volume conservation, radii of grains will change too, but their growth will be small. However, further densification is characterized by rapid necks growth and dihedral angles growth. Three circular grain boundaries grow will be then followed by decreasing of hole radius. Fig. 10 shows the sintering behavior of a planar sintering model consisting of random generated grains of different sizes. It can be seen that during early stage of sintering most grain contacts sinter completely independent of the other ones (Fig. 10b) . During sintering skeletal structure must evolve toward fully continuous interconnected network of solid domains (Fig. 10c) . Fig. 10d shows almost completely sintered structure because all grain contacts grow upon sintering and densification of the grain cluster characterized by the pores that are filled or broken into isolated small pores occurs. Fig. 11 visualizes skeletal network assuming that sintering of connected grains follows again the sintering law. The images clearly show the rapid densification of the structure upon sintering. Additionally, the average grain radius and average dihedral angle together with energy reduction in time domain will be considered. It can be seen (Fig. 12) that the average dihedral angle increases from small angle at early sintering stage defined by small necks up to the equilibrium dihedral angle (~75 deg.). Due to volume conservation this process is followed by a rather slow increase in average grain radius, which can be well approximated by a straight line. The normalized cluster energy is also plotted as a function of sintering time.
Planar multi-grain mode
The transformation of the surface into grain boundary decreases the total energy during sintering. The energy decreases with increasing time, and it approaches constant value as the pores shrink and disappear. The grain cluster approaches the final equilibrium shape with the minimal energy, which is determined by the equilibrium dihedral angle. 
Conclusion
A new simulation model has been applied to model of the three-dimensional grain coarsening during sintering. Sintering is based on a rate law of inter-grain distance reduction. The strength during sintering has been determined by the competition among inter-grain neck growth, densification, microstructure coarsening, and topological constraints. In such approach distance reduction, i.e., sintering, leads to overlapping grain volumes which are then redistributed on the remaining free grain surfaces in order to avoid volume defects. This new modeling approach clearly provides valuable information on the skeletal structure evolution of multi-grain model at various process conditions. Additional simulations will be carried out in the near future in order to approach towards real sintering processes. The evaluation of skeletal structure will also be extended in order to determine additional relevant grain properties.
